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Nonlinear Lateral Control of Vision Driven Autonomous Vehicles*

Miguel Angel Soteld

Abstract: This paper presents the results of a lateral control strategy that has been applied to the problem of
steering an autonomous vehicle using vision. The lateral control law has been designed for any kind of car-like

vehicle presenting the Ackerman kinematic model, accounting for the vehicle velocity as a crucial parameter for

adapting the steering control response. This makes the control strategy suitable for either low or high speed ve-
hicles. The stability of the control law has been analytically proved and experimentally tested by autonomously

steering Babieca, a Citroen Berlingo prototype vehicle.
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1. Introduction Ay

ATERAL automatic steering of autonomous car-like Control
vehicles has become an apparent field of application point
for robotics researchers. Basically, this problem can be
stated as that of determining an appropriate control law
for commanding the vehicle steering angle. Many steer- T
ing control designs are already documented in the litera- P T Ut
ture [1], [3], [6]. A comparative study on various lateral
control strategies for autonomous vehicles can be found in -
[11], where a linearized model of the lateral vehicle dy- ,,4;\6,”, Trzszggf;
namics is used for controller design based on the fact thatit -
is possible to decouple the longitudinal and lateral dynam- o _
ics. On the contrary, a simplified nonlinear lateral kine- Fig.1 Lateral and orientation errors at the look-ahead distance
matic model is proposed in this work to ease the design
and implementation of a stable lateral control law for au- @
tonomous steering of car-like vehicles. The lateral control
strategy was implemented on Babieca, an electric Citroen
Berlingo experimental prototype, using vision as the main
sensor to measure the position of the vehicle on the road.
Real tests were carried out on a private circuit, emulating
an urban quarter, composed of streets, intersections (cross-
roads), and roundabouts, located at the Industrial Automa- L
tion Institute (IAl) in Arganda del Rey, Madrid. Addition-
ally, a live demonstration exhibiting the system capacities
on autonomous steering was carried out during the IEEE ®
Conference on Intelligent Vehicles 2002, in a private cir- m
cuit located at Satory (Versailles), France.

Ackerman
steering | AN -4 -

2. Lateral Control R

C0n3|de”ng the case Qf an autonompus vehicle d”V”?%i.z Approximate kinematic model of the vehicle (Ackerman steering)
along some reference trajectory, the main goal of the lateral

control module is to ensure proper tracking of the reference . . o _
trajectory by correctly keeping the vehicle in the center gontrol point, as illustrated ifrig. 1. To solve this con-
the lane with the appropriate orientation (parallel to the d&ollability problem and design a stable lateral controller,
sired trajectory). This constraint can be generalized as thénodel describing the dynamic behaviordfando. is
minimization of the lateral and orientation errors of the veleeded.
hicle (., 6.) with respect to the reference trajectory, at i )

¢ ) P J y 3 1 Kinematic model

: The kinematic model of the vehicle is the starting point
» Received 20 August, 2003; accepted 13 October, 2003. ‘to model the dynamics of the lateral and orientation errors.
t Department of Electronics. Technical School, University of Adgal

Campus Universitario s/n, 28871 Alealle Henares, Madrid, Spain. The Vehid.e model is apprOXimatec.i by th? popular Acker-
E-mail: michael@depeca.uah.es man (or bicycle) model [4] as depicted Fig. 2, assum-
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88 M. A. Sotelo

ing that the two front wheels turn slightly differentially andThus, the complete nonlinear model thrandé. is formu-
thus, the instantaneous rotation center can be purely cdated in Eq. (8):
puted by kinematic means. Le{t) denote the instanta-

neous curvature of the trajectory described by the vehicle: de. = Vsinb, @®
1 tang(t)  dO(t) 0. = Y tan¢
MO=FH =L " ds @)

, . . 2.2 Nonlinear control law
whereR is the radius of curvaturd, is the wheelbase)

is the steering angle, arfdstands for the vehicle orienta-
tion in a global frame of coordinates. The dynamicg &
computed in Eq. (2) as a function of vehicle veloaity

The control objective is to ensure that the vehicle will
correctly track the reference trajectory. For this purpose,
both the lateral errod, and the orientation errat, must
be minimized. On the other hand, for simplicity, vehicle
oW _dids _ K(to(t) = tan ¢(t)v(t) @) velocity v will be assumed to be constant. The design

dt  dsdt L ' of the control law is based on general results of the so-

Let ¢ andwv be the variables of the vehicle control inpuf@/led chained systems theory. An excellent example on

space. On the other hand, the vehicle configuration spacd}§ topic can be found in [S]. Nevertheless, these results
composed of the global position and orientation variable[€ €xtended and generalized in this paper so as to provide a
described by £, y, 6), under the flat terrain assumption.Stat?le nonlinear control law for steering of Ackerman.-hke
Mapping from the control input space to the configuratiohehicles, based on local errors. From the control point of
space can be solved by using the popular Fresnel equatiofiéW: the use of the popular tangent linearization approach
which are also the so-called dead reckoning equations typ-avoided as it is only valid locally around the configu-

ically used in inertial navigation. Equation (3) shows thEtion chosen to perform the linearization, and thus, the
dynamics of ¢, v, §): initial conditions may be far away from the reference tra-

jectory. On the contrary, some state and control variable

0= dx — u(t) cos O(t) changes are posed in order to convert the nonlinear system
dt described in Eq. (8) into a linear one, without any approx-
d . . . . .
j= ay _ o(t) sin 6(¢) 3) imation (exac'F I!r)earlzatlon approagh). Nevertheless, due
dt to the impossibility of exactly linearizing the systems de-
1 tan ¢(t) scribing mobile robots dynamics, these nonlinear systems
0=— =1u(t) . . .
dt L are converted into almost linear ones, termed as chained

wherewv(t) represents the velocity of the midpoint of thetorms. The use qf the chained form perm|ts. to design a
rear axle of the vehicle, denoted as the control poi (iontrol law using linear systems theory to a higher extent.

Global information about the position and orientation QP pzrti;:ular,f the r:jo_nl:ner;\]r _mog(fel foi, an d 9eh (Eq. (8()1).ﬁ
the vehicle ¢, y, 0) is then transformed so as to develop §an be transiormed Into chained form using the state diffeo-

model that describes the open-loop lateral and orientatig}?rphism and the change of control variables as in Eg. (9):

error dynamics. As observed in Fig. 1, the lateral ettor d
is defined as the distance between the vehicle control point Y = [m] =0(X) = [ © ]

and the closest point along the vehicle desired trajectory, tan O,

Y2

described by coordinatés:;, y4). This implies thatd. is w v cos B (©)
perpendicular to the tangent to the reference trajectory at W = [wl] =T(U)=| vtan¢
(z4,y4). The scope of the tangent @ty, i) is denoted 2 Lcos2 0,

by 6, and represents the desired orientation at that point.
Based on thisd. andé, suffice to precisely characterize These transformations are invertible whenever the vehi-

the location error between the vehicle and some given réfe speed is different from zero and the orientation error

erence trajectory, as described in Egs. (4) and (5): 0. is different fromm /2. This implies that the singularities
of the transformations can be avoided by assuring that the

de = —(z — 4) sinfa + (y — ya) cos b4 (4)  vehicle movesy > 0) and that its orientation error is main-
tained under 90 degrees (the vehicle orientation must not be
f. =6 —0,. (5) perpendicularto the reference trajectory). These conditions

are reasonably simple to meet in practice. From Eq. (9), the
vehicle model can be rewritten as in Eq. (10), considering
y1 andys as the new state variables:

Computing the derivative ofl, with respect to time
yields Eg. (6), while the time derivative éf is shown in

Eq. (7):
d. = —i sinfy + 5 cos Oy Y1 =de = vsinfe = wiys
= —V cosfsinf; + Vsin 6 cos Oy . d(tanf.) 1 i — vtang
, IR T cos20, ° T Leos20, %

= Vsin(0 — 64) cos? 0. cos? 0, L

= Vsiné, (6) (0
In order to get a velocity independent control law, the

0. — d(0 — 6a) G, =6 @) time derivative is replaced by a derivation with respect to

c dt ¢ ' ¢, the abscissa along the tangent to the reference trajectory
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y1 is zero, theny, is also zeroys = y). Likewise, ify, is
zero therf, is zero from Eq. (9)4> = tan 6.). Thus, both
variablesy; andys tend to zero as variablegrows. The
previous statement is analytically expressed in Eq. (16):
lim d. = lim 6, = 0. (16)
g— 00 T—00
Accordingly, variables must always grow so as to en-
sure that bothl, andé, tend to zero. This condition is met
wheneverw > 0 and—7/2 < 6, < /2. In other words,

. Reference the vehicle must continuously move forward and the ab-
trajectory solute value of its orientation error should be beloy\2
in order to guarantee proper trajectory tracking. Thus, the
Fig.3 Graphical description of nonlinear control law is finally derived from Egs. (13) and
(14) such that
as graphically depicted iRig. 3. Analytically, ¢ is com- ¢ = arctan [~ L cos® 0, (Kq tan 0, + K,d.)] . (17)
puted as the integral of velocity., measured along axis
S The control law is then modified by a sigmoidal function
as shown in Eq. (18) to account for the physical limitations
¢ = /Ug dt = /Ucose dt in the vehicle wheels turning angle and prevent from actu-
ator saturation:
— = = —K(Kgtan 0.4 Kpde.
dt = veoste =, () ¢ = arctan | —K L cos® 6, 1—exp™™ . i
. R . 14+ exp—K(Kd tan 0.+ Kpde)
The time derivatives of the state variabigsandy, are (18)

expressed as functions ofn Eq. (12):
On the other hand, the use of sigmoidal functions preserves

d dyy d -
U = % — ;/1 d; = yl¢ the system stability [10].
S (12) The control law is saturated 9,,,x by properly tun-
. dyp  dyads . ing parameters. Thus, the maximum value of Eq. (18)
Yo = —(— = = YaS . .
dt ds dt iS ¢max = Farctan(—KL). Therefore,K is chosen to

ensure thath,.x = +7/6 rad (physical limitation of the
vehicle) given the wheelbade= 2.69 m, yielding a prac-
tical value K = 0.2146:

wherey; andy, stand for the derivatives af, andy, with
respect ta. Solving fory| andy; yields Eq. (13):

, U1 v sin 0,

2 _ e = tan
=T Yeosp,  nbe =z K= —F. (19)
;Y vtan ¢ tan ¢ wWe . .
Yo =—F = = = — = ws. From observation of Eq. (15), the dynamic response of

L cos? L cos? . . .
N 00s* fcv cos P cos?fe (13) the variabley; can be considered to be a second order lin-

ear one. In practice, it is not indeed linear due to the sig-
As observed in the previous equation, the transformeapidal function used to saturate the control law, although it
system is linear and thus, state variablgsandy, can can be reasonably approximated as such. Thus, an analogy
be regulated to zero (so as to yield = d.,.; = 0 and between constant&;, K, and the parameters of a second
6. = 0. = 0) by using the control low proposed inorder linear systeng, (damping coefficient) and,, (natu-

Eq. (14): ral frequency), can be established, yielding Eq. (20):
wsy = —Kayo — Kpy1,  (Ka, Kp) € R, (14) wn = /Kp
Using Egs. (13) and (14) and solving for variahle &= Ka ) (20)
yields Eq. (15): 2\/71»
!+ Koy + Ky = 0 (15) Likewise, system overshodt,, and settling distance,

(given that the system error dynamics is described as a

where the dynamic behavior af; with respect tos is function of space variablg not time) can be obtained from

proved to be linear. Eq. (21):
Under the assumption of positive values for constants

. . —&m
K, and K,,, variabley, tends to zero as long as variable ——
¢ grows. In fact, variable; has a second order linear dy- M, =expV 1-¢ 21)
namic behaviour dominated by two poles with negative real 4
components. According to thig, tends to zero as the inde- dsj2% = con”

pendent variableg(in this case, not time) tends to infinite.
This statement ensures thét tends to zero as tends to The design of constanis; and K, is undertaken con-
infinite as dictated by Eq. (Oy( = d.). From Eq. (13), if sidering that the system overshoot must not excE¥d
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of the step input and the settling distance should be be-
low some given threshold. Thus, for a typical settling time
ts = 20 s and given a vehicle velocity the proper settling
distance can be computed as in Eq. (22):

ds = tsv = 200. (22) - .-
) ¢ _ ::jf:,\(?d
The value of(; is derived from Egs. (20) and (21) yield- P
ing the velocity dependant expression in Eq. (23): )
/}////
8 0.4 T Reference
Ky=—=—. (23) / trajectory
ds v .8
AN
Likewise, damping coefficient¢ is derived from
Egs. (20) and (21), as shown in Eq. (24): Fig.4 Lateral and orientation errors at the look-ahead distance
£ L Ka 4 (24) section, the new nonlinear model fér andd, is sh i
= — = = . . . is shown in
(mo7) +1 2VEy  do/Kp Eq. (28):

Finally, K, is deduced from the previous equation,
yielding Eqg. (25):

. L
de = vsinf, + UThcoseetanqb

vtan ¢ (28)

2 2 6"6 = .
K, = (6.;66) _ (0.3383) . (25) L
s v This model can be transformed into chained form using

the state diffeomorphism and change of control variables,

The dependency ot , and K, on the vehicle velocity i
permits to ensure proper dynamic response. In particulds N Ed- (29):
vehicle turning angle will be smooth at high speeds, there- d
fore avoiding possible oscillations due to physical con- Y = [m] =0(X) = [tanee ]
straints in steering dynamics. ©

ULh cos? 0, tan ¢

2.3 Extension of the control law for high speeds W [wl] @) - vcosb, + T sind,
The nonlinear control law designed in the previous sec- w2 _vtang
tion provides stable trajectory tracking for Ackerman-like L cos? .
vehicles at moderate speeds (up to 10-20 km/h). This (29)

makes the previous control law suitable for low speed ve- 1,046 transformations are invertible whenever the vehi-

hicles. Howe_ver, experience demonstrates that t_rackmg €l speed is different from zero and the orientation error
rors and vehicle oscillation increase as velocity rises. Then

it becom to devel . fth 7. is different fromz /2. From Eq. (28) the vehicle dy-
1beco tesl Pecissilryho evzop;_ahn ef>_<ten5|on_o the nodrj imic model can be rewritten as in Eq. (30), considering
ear controffaw for high speeas. 1he 'TSt step IS to modi 1 andy. as the new state variables:

the vehicle control point as depicted kig. 4, in order to

anticipate the trajectory curvature at a given distahge . d — vsing vLp 0 B
denoted by Look-ahead distance. The new lateral and ori- J1 = e = vsinfe + —=cos b, tan ¢ = wiys 20
entation errors are then computed as illustrated in the same _d(tanf.) 1 . wvtang (30)
Fig. 4, yielding the results in Eq. (26): Y2 = i = 0520, T Teos20, wa.
de = —(x + Ly, cos — x4) sin by In order to get a velocity independent control law, the
+(y+ Ly sinfy — ya) cos Oy (26) time derivative is replaced by a derivation with respect to

¢, a variable related to the abscissa along the tangent to the
reference trajectory. Analytically,is computed according

The choice of_, is carried out based on the current vehit—0 the following expression:

O =0—04.

cle velocityw, as described in [3], yielding the parameters vLy, cos? 0, tan é
shown in Eqg. (27): ¢ = / (v cos 0, + Tﬂ&) dt. (31)
Liin  if v < vmin The time derivatives of the state variabjgsandy, are
Lp(v) = vty if min <0 < Umax (27) expressed as functions ofn Eq. (32):
Liax  if v > vmax
_dyr dyids
wheret; = 1.5 s is the look-ahead time,,;, = 25 km/h, W= T de e 32
Umax = 75 km/h, L, = 10.41 m, and Ly, = 31.25 . dys  dys ds ;. (32)
m. Considering the same scheme followed in the previous V270 T e ar T
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wherey; andy} stand for the derivatives af andy, with
respect tos, respectively. Solving for] and y5 yields
Eq. (33):

tanf, = yo
tan ¢ _
cos*f.tanp

sin 6,

Y1 (33)

/
Y2 ws.

Lcos30, + Ly,

As in the previous section, the transformed systemis lin
ear and thus, state variablgsandys can be regulated to
zero (so as toyield, = d¢ yoy = 0 andf, = 6. oy = 0) -
by using the new control low proposed in Eg. (34):

Fig.5 Babieca prototype vehicle

w3 = —Kaya — Ky (Kg, Kp) € RT2 (34)

signal at 25 Hz that is processed by a Meteor frame grab-
ber installed on a 120 MHz Pentium running the Real Time
Linux operating system. The complete navigation system,
implemented under Real Time Linux using a pre-emptive
scheduler, runs a vision-based lane tracking task for com-
puting the lateral and orientation errors.

Practical experiments were conducted on a private cir-

Using Egs. (33) and (34) and solving for variahje
yields Eq. (35):
yi + Kayy + Kpyr =0 (35)

where the dynamic behaviour gf with respect tos is
proved to be linear.

Once again, this implies that variablgs(= d.) and
y2(= tan6,.) tend to zero as variable grows. The pre-
vious statement is analytically expressed in Eg. (36):

cuit located at the Industrial Automation Institute in Ar-
ganda del Rey (Madrid). The circuit is composed of sev-
eral streets, intersections, and roundabout points, trying to

emulate an urban quarter. Various practical trials were con-
ducted so as to test the validity of the control law for dif-
ferent initial conditions in real circumstances. During the
Accordingly, variables must always grow so as to en-tests, the reference vehicle velocity is kept constant by a
sure that botf. andd. tend to zero. This condition is metvelocity controller. Coefficients<, and K, were calcu-
whenevery > 0 and—7/2 < 6, < /2. In other words, lated as a function of using Eqgs. (19) and (21Figures
the vehicle must continuously move forward and the alB-and7 show the transient response of the lateral and ori-
solute value of its orientation error should be beloy2 entation errors of the vehicle for reference velocities of 20
in order to guarantee proper trajectory tracking. Basicallym/h and 50 km/h respectively. In both cases, the vehicle
stability conditions remain the same as in the previous segtarts the run at an initial lateral error of about 1m and an
tion. Thus, the new nonlinear control law for high speedaitial orientation error in the range:5°. For illustrative
is finally derived from Egs. (33) and (34) such that purposesFig. 8 depicts the steering control provided by
the controller during the path tracking experiment carried
out at 50 km/h. As can be clearly appreciated, the steady
state response of the system is satisfactory for either exper-
iments. Thus, the lateral error is bound4® cm at low

. - . . . speeds and-25 cm atv = 50 km/h, while the absolute ori-
The control law is then modified by a sigmoidal function,ation error in steady state remains beldvin all cases.

to ac_:count for the physical limitations in the vehic_le wheel§ust to give an example on how the practical results con-
turning angle and prevent from actuator saturation. Frofln, (o the expected values as derived from the theoretical
this point onwards, tuning af’, K4, and K, follows the o eionment, let's consider the transient response of the
same scheme derived in Egs. (19), (23), and (25), respggpicje depicted in Fig. 6 foo = 20 km/h. Assuming a
tively. theoretical maximum overshoot 8, = 10% and a set-
tling time of t; = 20 s, the controller coefficients are tuned
to K4 = 0.072 and K, = 0.0037, according to Egs. (19)
The control law for autonomous steering described sind (21). Nonetheless, from observation of Fig. 6 the max-
this paper was tested on the so-called Babieca prototype iaum overshoot obtained in practice yields up to almost
hicle (an electric Citroen Berlingo), as depictedrig. 5. 25% for both the lateral and orientation errors, while the
The vehicle was modified to allow for automatic velocitysettling time takes some 22 s. This is mainly due to the ex-
and steering control at a maximum speed of 90 km/h. B&tence of nonlinear actuator dynamics and latencies, which
bieca is equipped with a color camerato provide lateral aage not considered in the model. In spite of these slight dif-
orientation position of the ego-vehicle with regard to thierences with regard to the theoretical expected values, the
center of the lane, a Pentium PC, and a set of electronic geactical results exhibited in this section demonstrate that
vices to provide actuation over the accelerator and steerithg nonlinear lateral control law developed in this work still
wheel, as well as to encode the vehicle velocity and stegermits to safely steer the vehicle at operational velocities.
ing angle. The color camera provides standard PAL videoln a final trial, the results achieved in the second test for

lim d. = lim 6. = 0.

c—00 c—00

(36)

—Lsin 0, cos® 0. (K4 tan 0. + K,d.)
sinf + Ly, cos* 0. (K tan 6. + Kpd.) |
(37)

¢ = arctan

3. Implementation and Results
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Lateral error (m)

Time (s) V=

Orientation error (°)

20 km/h Time (s)

Fig.6 Transient response of the lateral and orientation erroo fer 20 km/h

Lateral error (m)

Orientation error (°)

Time (s) v =50 km/h Time (s)

Fig.7 Transient response of the lateral and orientation erroo fer 50 km/h

Steering response (-1, +1)
e T8

Time (s)

Fig.8 Steering normalized response (betweehand+1) for v = 50
km/h

state errors are similar in both cases. Surprisingly, human
driving turns out in sporadic separations from the refer-
ence trajectory up to 40-50 cm, without incurring in dan-
gerous behavior, while the automatic controller keeps the
vehicle under lower lateral error values once stabilized.
Far from being an isolated fact, this circumstance was re-
peatedly observed in several practical experiments. As
the conclusion, the lateral control law developed in this
work can reasonably be considered to be valid for driv-
ing a car-like vehicle as precisely as a human can. Dur-
ing the last year, Babieca ran over hundreds of kilome-
ters in lots of successful autonomous missions carried out
along the test circuit using the nonlinear control law de-
scribed in this paper. A live demonstration exhibiting the
system capacities on autonomous driving using the non-
linear control law described in this paper was carried out
during the IEEE Conference on Intelligent Vehicles 2002,
in a private circuit located at Satory (Versailles), France. A
complete set of video files demonstrating the operational

v = 20 km/h are compared to human driving at the sanyeerformance of the control system in real test circuits (both
speed along the same trajectory. For this purpose a hunrami\rganda del Rey and in Satory) can be retrieved from
driver steered the vehicle, leaving the control of the accdtp://www.depeca.uah.es/pub/vision.

erator to the velocity controller in order to keep a reference

speed of 20 km/h. The comparison is graphically depicted 4. Conclusions

in Fig. 9.

One can observe that the human driver takes less time

To conclude, the next key points should be remarked.

than the automatic controller to achieve lateral and orien-+ First of all, the nonlinear control law described in this
tation errors close to zero. On the other hand, the steady work has proved its empirical stability for lateral driv-

(©2003 Cyber Scientific
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Fig.9 Comparison between automatic guidance and human driving=a20 km/h

ing of car-like vehicles. In fact, it has been imple{s]
mented on a real commercial vehicle slightly modified
so as to allow for autonomous operation and tested on
two different private circuits. [6]
A key advantage of the proposed method over other
nonlinear control techniques relies on its ability to prog]
vide a priori design of the system transient response by
proper fitting of constant&’y and &, while providing
stable steady state response. (8l
Vehicle commanded actuation is taken into account by
considering the current velocity in the design of thé]
controller coefficients. This permits to adapt the steer-
ing angle as a function of driving conditions at not
high energy expense from the control signal point gfo]
view.

As demonstrated in practical trials, driving precisior[lll]
achieved by the lateral control law is as accurate as
that of a human driver under normal conditions.

Nonetheless, in spite of having achieved some promising

results there is still much space for improvement concern-
ing vehicle stability and oscillations. Indeed, our current

work focuses on accounting for more precise vehicle mod-
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